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Nonextensive statistical mechanics

C. Tsallis, Introduction to Nonextensive Statistical Mechanics (2009).

Tsallis’ generalized entropy:

>ipf
Sqlp] = L Iq A

— S =_N"pinp,
i
Introducing the so-called escort probabilities, w.r.t. p;,

o
Zj pfq /

and the escort average of energy

Uglp] = ) EiP;,
i

P,'E



Tsallis thermostatistics in S, _ 4-fo S Nonextensive statistical mechanics
gife Thermostatistics

ge
OuHr ﬁ

Power law distribution

MaxEnt
9 T
55, (Sa1P] = 4" Uaglp] Zp,) -0,
leads to the asymptotic power-law distribution:
[ 3T
Pi o< €XPg g (Ei—Uq)|
Z/ i
g-logarithmic and g-exponential functions:
x1-9 1
Ing(x) = = o In(x).
expy(x) = (1 +(1—qx)™0  —  exp(x).
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Power law distribution

MaxEnt
0

55, (Sa1P] = 4" Uaglp] Zp,) =0,

leads to the asymptotic power-law distribution:

T 1
Pi o< €XPg [ Z/ : g (Ei— Uq)] E:Uq E;'~9, power law!
g-logarithmic and g-exponential functions:
x1-9 1
Ing(x )—ﬁ - In(x).
expg(x) = (1 +(1—qx)™7  —  exp(x).
q—1
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Generalized thermostatistics

H.B. Callen’s book (John Wiley & Sons 1985)

From Chap. 21

Thermostatistics characterizes the equilibrium
state of microscopic systems without reference
either to the specific forces or to the laws of
mechanical response.
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Generalized thermostatistics

H.B. Callen’s book (John Wiley & Sons 1985)

From Chap. 21

Thermostatistics characterizes the equilibrium
state of microscopic systems without reference
either to the specific forces or to the laws of
mechanical response.

Instead thermostatistics characterizes the
equilibrium state as the state that maximizes
the disorder, a quantity associated with a
conceptual framework ("information theory")
outside of conventional physical theory.
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Generalized thermostatistics

H.B. Callen’s book (John Wiley & Sons 1985)

From Chap. 21

Thermostatistics characterizes the equilibrium
state of microscopic systems without reference
either to the specific forces or to the laws of
mechanical response.

Instead thermostatistics characterizes the
equilibrium state as the state that maximizes
the disorder, a quantity associated with a
conceptual framework ("information theory")
outside of conventional physical theory.

the disorder < Shannon entropy
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Generalized thermostatistics

J. Naudts, Physica A 340 (2004) 32.

A generalization of Callen’s thermostatistics with a generalized
entropy:

SBGS

- Iy O;
Sy 2{: Pi Ny Pi ¢(;>>X

where ¢-log is introduced with a positive function ¢(x)

In x—/x 1 ax — In x
T 60 soox
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J. Naudts, Physica A 340 (2004) 32.
A generalization of Callen’s thermostatistics with a generalized
entropy:

_ e D GBGS
% 2/: PP 40 x ’

where ¢-log is introduced with a positive function ¢(x)

In x—/x 1 ax — In x
T 60 soox

Examples:

o Tsallis: ¢g(x) = x9, Ing(x) = X11__q;1, q>0
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Generalized thermostatistics

J. Naudts, Physica A 340 (2004) 32.
A generalization of Callen’s thermostatistics with a generalized
entropy:

_ e D GBGS
% 2/: PP 40 x ’

where ¢-log is introduced with a positive function ¢(x)

In x—/x 1 ax — In x
T 60 soox

Examples:
o Tsallis: ¢g(x) = X9, Ing(x) =51, g>0
@ Kaniadakis: .
(bH(X) S XN_"Z_%, |n{n}(X) = & 5: 5 ’/i‘ < 1
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Canonical ensemble

Starting from canonical probability distribution:

] _gBGE,
pI_Z(ﬂBG) exp[ 6 EI:|7
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Canonical ensemble

Starting from canonical probability distribution:

1
Pi= Zgmay 0 [-BE], 77 +1=InZ(8),
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Canonical ensemble

Starting from canonical probability distribution:

1

Pi= Zgmay 0 [-BE], 77 +1=InZ(8),

pi=exp[—7%¢ =1 -9 E] =e ' exp [-1°9 - BPO E]].
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Canonical ensemble

Starting from canonical probability distribution:

1

Pi= Zgmay 0 [-BE], 77 +1=InZ(8),

pi=exp[—7%¢ =1 -9 E] =e ' exp [-1°9 - BPO E]].

Useful relation:

d
a(xlnx) =Inx+1 :Ine%.
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MaxEnt

From the canonical probability distribution, we have

“In e’% _ BBGE, _BG _ 0.
Utilizing the identity it follows
0 BG BG
w(—zjzpjmpj—ﬁ Zj:Eij—V Zj:Pj) =0,
which is equivalent to the maximization of SBSS

$%5 — 3" pinp,
i

under the constraints of

ZE,’,O,':U, and Zp/:1.
i i
e 444
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So_g-formalism
T. Wada, A.M. Scarfone, Phys. Lett. A 335 (2005) 351.

Starting from the g-exponential probability distribution:
pi = g €Xpg [y — B El],

where aq is a g-dependent constant,

1N\
“=\2=q) e

Useful relation:

dxln X =In X
dx” 97 qaq'
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So_g-formalism
From the g-distribution, we have

Utilizing the identity it follows
ai,( - zj:pjlnqu - 52/:5@ —szzpj) =0,
which is equivalent to the maximization of S;_
So_g=— Z pilng pj,
i

under the constraints of

ZE/p;:U, and Zpi:1.
i i
e 444
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Legendre structures 1

The g-exponential distribution can be written as

pi = g expgy [-BE; — 1]

1
o 2t ()

Here we introduced

V=L
=3¢
1

d>g’ = g—i_q, generalized Massiue potential
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Standard Thermostatistics
Sp_ g-formalism and Legendre structures
Kaniadakis’ thermostatistics

pi = expg [-BVE - o} .

By differentiating >, pi = 1 w.r.t. 8V, and using
dexpy(x)/dx = expy(x)9, we have

dpi dog doy > Eip?
-y -y, - 4D
x e L

which leads to the Legendre relation:
N

ddg _
dgN

Note that the escort probabilities P; are naturally appeared!

Ug.
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The normalized Tsallis entropy
Sy =->_Pilngp;.
i
Substituting
pi = expg |—BVE; - of]
into S} leads to

Sy => Pi(BNEi + )= pNUg + of.
i

Sl and &} are Legendre duals each other.
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Legendre structure 2

S2_q=—Y_pilngpi, pi=aqgexpy[—y—BE].
i
Using the identity 2 x Ingx = Ing 3, we have
dSz dp, dp/ p/

dp,
—Z (BEi +~ 576

dSy_
au

qzﬁ.
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Legendre structure 2

The g-exponential distribution

B T+9
Pi = €Xpq [_Q_qu <2 q>], SZq:—Zi:Pilani-

1+’}/ 13
N
= qu——i——s‘g 9= 5 =

5 qU'

14+ 1—q
Pa=2 g (2—q>ﬁu'

Go_g = Sg,q — BU.
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Legendre structure 2

B N 1-q
doj dS 4 B dU U
ds dp 2-gd3 2-q
_(1-q)\ ,dU 1
_<2—q>5dﬁ_2—qu'
d¢2—q _ dd)Q/ _ 1—q IB@_ <1 _q> U: —U.
dp dg 2—qg)"dp 2—q



Introduction

Tsallis thermostatistics in S, _ 4-formalism
Information geometry
Outlook

Standard Thermostatistics
Sp_ g-formalism and Legendre structures
Kaniadakis’ thermostatistics

Legendre structures (summary)

Two different sets:

N:
=5
dolN ash
N N oN - J:;’N.
oN= 8N — N U, aa 7 3
14y 1—q
Pa=3y (2—q>ﬁu’
dd,_ aSo_
¢2 q— 82 q BU dzﬁq:—u, dijq:B
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k-entropy

G. Kaniadakis, PRE 72 (2005) 036108.

Sk=— Z pilng.y pi, ;
i

XE — x— K
In{n}(X) = 5.

x|

expy,(X) = (mx +V1+ /@2x2)
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k-entropy

G. Kaniadakis, PRE 72 (2005) 036108.

Se==>_ pilngypi, — S,
i

xk—0

XE — x—K
In{n}(X) = 5.

x|

exp,(X) = (mx +V1+ /@2x2)
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k-entropy

G. Kaniadakis, PRE 72 (2005) 036108.

Se==>_ pilngypi, — S,
i

k—0
xF — x— K

k—0

1
exXpy,qy(X) = (/-cx +V1+ /@2x2) ", — exp(x).

xk—0
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r-MaxEnt

r-exponential probability distribution:

Pi = ax €XPyiy [ (”/ + B Ei)} )

K

where «, and )\, are x-dependent constants,

1
aﬁz(“*@)“, A= V12

1+k
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r-MaxEnt

r-exponential probability distribution:

”
Pi = Qs €XPyyy [X<7/ + B Ei)} )

where «, and )\, are k-dependent constants,

;
— =\ B
anz<1 K) . A=V 1—K2

1+k

1
O — eXp{H} <_A> N




Introduction

Tsallis thermostatistics in S, _ 4-formalism
Information geometry

Outlook

Standard Thermostatistics
Sy g-formalism and Legendre structures
Kaniadakis’ thermostatistics

r-MaxEnt

r-exponential probability distribution:

”
Pi = Qs €XPyyy [X<7/ + B Ei)} )

where «, and )\, are k-dependent constants,

;
— =\ B
anz<1 K) . A=V 1—K2

1+k

k—0

QU = eXPyy <—/\1> ,  —exp(—1).
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r-MaxEnt

Useful identity:

d X
axln{ﬁ} X = g In{,{} ai,.i

—/\nm{n}g—ﬁb—i—’y:o’
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r-MaxEnt

Useful identity:

gxIn X =\ In X
dx’ st T e {ff}aﬁ'

—)\ |n{,€} 5 E Y= O,

0
%(_prln{”}pf_ﬁzlfjpj—va,-) — 0.
/ j ]

with Kaniadakis’ entropy Si[p] = — Zp,- Ing,.) pi
i
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Legendre structure

A.M. Scarfone, T. Wada, Prog. Theor. Phys. Suppl. 162 (2006) 45.
r-generalized Massiue potential:

do,
b, = K 5 = U,
. =S su s U
b, =7, + 7,

with Z,Jp] = Y 2 (pl™* + 5 ").

i
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Amari and Nagaoka, Methods of Information Geometry, (AMS 2001)
N-dimensional probability simplex:

n+1
S"= {p = (p)|pi >0, pi= 1}.

i=1
The natural basis tangent vector fields are
gzl 2 i_q.n
opi Opnyi
Riemannian metric g on S” is Fisher information matrix:
1 n-+1

= Zpk (0iIn px) (8,- In Pk) )
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Information geometry
dually-flat structures
Relations with S, _ 5-formalism

Ohara, Matsuzoe, Amari, J. Phys.: Conf. Series 201 (2010) 012012.

The a-covariant derivative is given by

n
« a)k ..
V(B,)a./zi r/(j)7 171:17“'an7
k=1

[’ 1+« 1
where r/('j )k(p) =— <_5If]<, +pkgij> )

Pk
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a-immersion

, p?
= (pl) = X = (XI) = L(a)(p,) = E’
f(S") is a level hypersurface in Rﬁ’r“:
1 n+1 1
W(X) — 71 —g Z (qxl) q,
i=1

Choosing a transversal vector £ on the level hypersurface by

n+1
0

£ = Zs'ax,, € =—q(1-q)x' = —rx,

then the affine immersion (f, ¢) realizes the a-geometry on S”.
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Conormal map

Introducing the dual vector x* by
* —Q 1 —
X7 () = Lo(p) = 5——p

which satisfies

X1 (P) = 5 (X(P)),

n+1 n+1

=Y @)X =1, Y _x(P)X =0,
i=1 i=1

for an arbitrary vector X = 3", X'9/0x" at x(p) tangent to f(S").
Hence —x*(p) is a conormal map.
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The escort probability is

Xi n+1 ) n+1 q
Pi(p) =+, ZgP)=) X(P)=) —,
I Zq ; = 9

1
A = .
®)=Z®
The simplex
n+1

E=ax=(x)x">0> x'=1
i=1
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Conformal transformation
5 Introducing another immer-
g sion f = Af and Rieman-
X(p) nian metric h = \g, we can
% obtain a statistical manifold
(S",h,V,V*), which has a
= . dually flat structure.
%’) ul Conformal transformation to
S so_— the dually-flat structure on the

< space of escort distributions.
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Using the conormal map we can define the a-divergence as a
contrast function on (87, g, V(®)):

n+1 n+1

D) Zx(r '(p) — X’ Zr,lnqp’
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Using the conormal map we can define the a-divergence as a
contrast function on (87, g, V(®)):

n+1 n+1

D) Zx(r '(p) — X’ Zr,lnqp’

n+1

r.
— Z i (— Ino_g ,OI> . f-divergence
1
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Using the conormal map we can define the a-divergence as a
contrast function on (87, g, V(®)):

n+1 n+1
D) Zx(r '(p) — X’ Zr,lnqp’
n+1

— Z i (— Ino_g ri> . f-divergence
Pi
The conformal divergence is a contrast function of (S”, h, V):

p(p. 1) = A(ND(p,r) = (P(r),x"(p) — x*(r))
n-+1

=> Pi(Ingp; —Ingr;).
i—
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The mutually dual affine coordinate systems:

v v
77/—89,'7 - 877/',

for the potential function W(#) and its conjugate V*(n).
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Relations with S,_g4-formalism

pi = expg [—BM(Ei = Enyr) — O5(8") — BVEnya
= exp, [Gi = \IJ(G)} ,

Oi = _ﬁN(Ei - En+1)a
V() = b + BN Eniq
N

ni=Pi=
Zf+11 pl

() = —S).
R
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@ Further study on the relations of g-thermostatistics with
information geometries.

@ What is the relation of k-thermostatistics with information
geometry?
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