Geometry of g-normal distribution
through non-Fisher metric

Masaru Tanaka

Department of Information and Computer Sciences

Saitama University




Tsallis entropy ﬁ{j dxpq(X)? — 1}

Given two independent systems A and B with Tsallis entropy Sé‘and Sc81
respectively.

Let Tsallis entropy of the compound system A | ) B be SG\UB , then

\ Sq”° = S + S§ + (1 — q)S§S§ |

‘ Non-additive entropy H

Boltzmann-Shannon entropy (q = 1) is the special case,that is additive.




‘ The g-normal distribution is obtained by the following variation problem

‘ Tsallis entropy ‘ ‘ The 15 g-moment ‘

N \
g{fapr-1p
}A'{Idx o(X) — 1} ; B{%jdx )% X — u}

< + C{%fdx p(x)" (X‘<)2 — 62}

%16 normalization ‘ ‘ The 2" g-moment ‘ D = j dx p(x)*

The probability distribution has its own entropy.




g-EXPECTATION AND g-NORMAL DISTRIBUTION

g-expectation : Eq[f(0)] = 4 [ dx p(x)%(0) 0<q <3

- 1st g-moment u, 2"d g-moment o > g-normal distribution

Tsallis entropy : Sq = %{J. dx p(x)* - 1}
—q )
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* ¢-normal distribution

— for q = 1,|the normal distribution

P, () = ——— eXp{— (X_“)z}
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— for q = 2,|Cauchy distribution
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The q relates the finiteness of
be interpreted as the scale factor. the system and the dimension

If the covariance doesn’t exist, O should

of the probability distribution.



g-normal distribution (The red points show cutoffs.)
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NATURAL COORDINATE AND POTENTIAL FUNCTION

The g-normal distribution can be represented as
Pa(¥) = {1+ (1 = q)(E'X+ &X* —yq)} ™ .

rglzgagl ’81:%
Natural coordinate system : < where <
0 5 \§2=Q%92 \92=—%j
aer  ger | =0

g-logarithmic likelihood : Lqpq = ﬁ(pé_q —1) = E%+ EX - yq(d)

12 B
Potential function : y¢(&) = —% (552) -3 l ; {3 3 g QF - 1}

r

O1yq(E) = —+5 = Eq[x]

< , Where ¢, = 0

o0&




METRIC TENSOR

[ gij = Oi0jyq(&) = —0idjLqpq from the potential function

@l ot
gij = Eq[-0i0jLqpq] = qEq[pqz (OiLqPq)Pd’ ((%'—qpq)} from g-expectation

at ot
ij = CIEq[pq2 (OiLqPq)pPq’ (aqupq)}

Scale factor Fisher metric

‘ Non-Fisher metric !!

In the matrix form,

1. 1 1
2 62 2 (§2)2

gij =

1 ¢! _L(cfl)2 1 2 1
2 ey 2@y gt % (£2)?

The inverse of metric tensor ;
(£ - 0582 &1¢

g = 3 -
&' 52 (&%)’



METRIC TENSOR AND DIVERGENCE

For the exponential family : p(x|&) = exp{&'X; — w(&)}, the expectation : 1; = E[X]
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DO PO +p)) = [ dx p) g = B2
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‘ Jij : positive definite and symmetric !!

; inpj = %gijpipj
-

p'p’
p=0

However, for the case of g-normal distributions, ...



METRIC TENSOR AND ¢g-DIVERGENCE

ALgpa(xE) = p(X&) "4 Pa)  the g-expectation : 7; = E4[Xi]
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- Jij : positive definite and symmetric but non-Fisher metric !!



DIVERGENCE AND g-PYTHAGOREAN THEOREM

g-divergence :

Q$p 1
Dy(p(™))] pxE®)) = g {1 =[x pixie®) pox®)' 7}

= O™ Duct2q (PXIE®)]| p(XIE®))
=00+~ O
Legendre transformation : (g = ni& —yq and 1j = 5‘/%(?)

Q-divergence :

Du(PXIEM) PXE®)) = —A—={ 1 [ ple) ¥ pixc®) +'}

1 —o?

g-Pythagorean theorem :
Dq (P(XIE®)|| pXIE®)) + Dg(pIE®)|| p(XIE©)) — Dy(p(XIE®)|| p(x|E®))
= (£©i 5(B)i)<ni(A) _ m(B))



PROBABILITY AMPLITUDE

Probability amplitude : uq = 2 /pq .
The 1st order derivative with respect to the natural coordinate :
s = 0:(2/P7) = Pa’ @iPa) = P {pe’ @iLapa) | .
Identity : Qajdx UqUgi = 24{Eq[Xi] — Biwq(&)} = 0 .
The 2 order derivative with respect to the natural coordinates :
ugi = pa* {(a - 1 )P (@iLepe)@iLapa) + PY@idiLaPa) b
Metric tensor : gij = Q3 j dX Ugilgj = —QQ3 j dX UqUgij -

The 1st kind Christoffel symbol :
Lyij = %{&gkj + 0j0ik — Okbij} = %5iajakl//q(é:)
~ (-1 )a03 | dx pq” ugitig g
+ %{QazakQégij + Qg%0iQ40ik + Qg*0iQ30k ) -



GAUGE THEORETIC DERIVATION OF a-CONNECTION

| a ay
Local gauge transformation : u((il,i) =€ 2 qquq,
t-conjugation : a* = —a, (-a)" =
For example, (ug”, = ul” = etbePayg; .

The local gauge transformation becomes U(1) under ¢-conjugation.

Metric tensor redefined : gij = qujdx (u(“)> u(“) = Q3 j dX Ugilgj -

Covariant derivative before local gauge transformation :
Djugi = Ojugi — I'jjuqu -

Covariant derivative after local gauge transformation :

(a), (@) (a) (a)t, ()
Dja Uqal = 8Jua Fija Uqag

_a (
= @ >LaPq (Uq,ij — F(a) UqQ pq UqJUq ) .



(05)0 I—*KIJJ o

Assumptlon F —7A€j under the local gauge transformation

{ Aj; is called a gauge field.

Requirement : D(a) (a) =€ ZLqquJUq| <mmmm how to determine Aj

\

—a+L
From the assumption, Dj(“)ué‘f‘,) = e 2Lqpq{DJuq. 5 (AQ Ugl — pqq+2Uq,qu,i)} :

Then qﬂa. dx (u“”) D{“u{®

_ qQa. dx ugkDjugi + & ( 0 — qujdx Dg. quUqJUql) :
i
From the requirement, qQ3 de (ufﬁ?) Dj(“) (@) qujdx UgkDjUg,i .

gl
Therefore we have Ayjj = qQé Idx Dg *UgkUgiUgj , where Axij = AjiQuk -



Dualistic structure : Fl((‘f}) + Fl((i_ja) = 2 = OkGij -

Covariant derivative of metric tensor with ¢-connection :
#

Derived & -connection :
i =0
= (1 — aQ} )
4 (52)2
1
(&%)°

(@) _ 3 (&Y’ 3-¢ 5-9 1
1_1222 - (1 o ‘XQ%)Z (52) (1 o aQq 5 — 3q )Qa 2(3 . q)2 (§2)3 >

% = -1 - aQ3) 5




0-RIEMANN TENSOR

Definition : [ D\, D\ JUi = R{'Ur = g™R& Uy,
0 -Riemann tensor ( the others are 0. ) :

n@ _ 1 1 1, amp(-®DG-20) 1 24, 9%
B2 743 -g (@2 T 279G -G -30) (¢2)7 41530 (¢2)7

_ 1 a1 -96-29) 1 |, g2 92 |
- 43-¢ (52)3 27793 -q)(5 -30) (52)3 4 ~"95 - 3q (52)3

(@) (a)

Ry = _Rznz(l 5o o RW, = -RY,
a - 5 - (04

R§2)12 = —0Qj : : R§2)12 * 0

TE- )G - 30) (@2

(@ ,(1-(-29) ¢
= GG 3w @)

R % 0.

The a-Riemann tensor isn’t antisymmetric, that is,

the g-normal distribution is not conjugate symmetric.



0-RICCI TENSOR

. a a a)k
Definition : Ri(j) = ngRéik} = R(ik} :
a -Ricci tensor :

@ _ 211 ,a@-DG-a) 1 42~096-9) 1
RV =9y vy~ 35-3g & 4% 53 2

R _ ool & g @-DE-0) & g25,a3-a) ¢

94 (52)2 4 5—-3q (52)2 * 4 =795 - 3q (52)2
& a@-DG-9 &' | 424,90-9 &

21_4262% 22 4 5-3 2y2 4779 53 212
(&°) g (&) 4 &2
)2

1
- Qq%{ng R (élf}

_I_

%<q-513<§q—‘1>{(51>2+92 2 1 }

&) 3’

471530 @) T Ay’

_azgzq@—q){(sl)z_gz 2 1 }




The Jeffreys’ prior, which plays an important role in statistical inference,
IS generalized to the a -parallel prior by J. Takeuchi and S. Amari (2005)
from the information geometrical point of view.

However the o -parallel prior doesn't always exist for any value of «.

So they give the sufficient condition for the existence of the ¢ -parallel prior
such that, if a statistical model is conjugate symmetric, the model is
staistically equiaffine.

Then they leave the open problem such that whether there exists a
statistically equiaffine natural model which is not conjugate symmetric or
not.

‘ There exists such a model and the corresponding a -parallel prior is,

exp{ (5- q)(3 q)st }ﬁ(dfl A dE2)

D(a)[eXp{ (5- 2Q)(3 q)QZS }\/_(dcfl A déz)}



THE JEFFREYS' PRIOR

In Bayesian statistical inference

Bayes rule for the posterior probability : P(AE) = % f 40 o(0®)P(E|®)

A prior density on the parameter space : ®(®), A e the model family

A collection of outcomes (i.i.d.) : E

Ignorance on the prior density : @(©®)

m==) The uniform distribution on the parameter space

m==) However, if a prior is uniform in the parameter space,
the probability of a model family will depend on
the arbitrary parametrization.

I::> The uniform distribution NOT on parameters BUT distributions

m==) The invariant measure on the parameter space under reparametrizations

d
mmm) The Jeffreys’ prior : ﬁd Q)



a-RICCI SCALAR CURVATURE

o -Ricci scalar curvature :

R@ = giR® = R@I _ g2 02 B -9 o

5 - 3q g

_|_

(@) — - — 1 QF
R@ =0 ata _\/q(3_q) Qg .



| Fisher metric
| (expectation)

B -divergence |«

1
o= faxgr-1
:—E[Lz_qg]
=-Q°E,|L,9g hJ
i q[ . ] I Tsallis entropy I I Boltzmann-Shannon entropy I
: : scale trans. & o =1-2q
n?c?-eljps)ztziartri]s;r)lc |——> g-divergence |« > a -divergence
Dq(gll f) = 40" Dot 2 (all )

a -connection derived by gauge theory

5-13q
=t [/ Qf
: \/q(3—q) q

a==x1

not yet checked if _
this is effective or not q Pythagorean theorem

in statistical inference Q'MLE

Pythagorean theorem
MLE




